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Temperature fields during filtration wax oil in porous formation 
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Abstract 

A mathematical model of thermodynamic processes during oscillatory motion of liquids in a porous medium has been 
developed, taking into account the thermal interaction of an oil reservoir with surrounding rocks and phase transitions due to 
the dissolution of paraffin. Analytical dependences of temperature on time, distance to the well, and parameters of the porous 
reservoir are obtained, which substantiate the possibility of increasing oil recovery from reservoirs when exposed to pressure 
wave fields. 
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1. Introduction 

Currently, research is being carried out to create 

a technology for enhanced oil recovery based on 

thermal effects [1]. The pressure fields in oil-bearing 

formations in the presence of filtration-wave 

processes are non-stationary; therefore, oil filtration 

in the formations leads to the appearance of a 

barothermal effect – a temperature change during 

fluid flow in a porous medium in a non-stationary 

pressure field. 

 

Figure 1 Filtration of paraffinic oil. Problem geometry: I – overburden, II – under burden, Rc – feed 
contour radius, h – formation half-thickness 

The value of the barothermal effect depends on 

the properties of the porous medium, the filtering 

liquid, time, flow geometry, etc. One of the most 

important features of the barothermal effect is the 

increase in temperature with time in filtration-wave 

fields [2, 3]. This opens up prospects for the 

development of new ways of influencing oil 

reservoirs to increase oil recovery. 

The purpose of this work is to develop a 

mathematical model of thermodynamic processes 

during the oscillatory motion of liquids in a porous 

medium, taking into account the thermal interaction 

of the oil reservoir with the surrounding rocks and 

phase transitions due to the dissolution of paraffin.
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2. Formulation of the problem 

Let us consider the problem of changing the 

temperature of a liquid during oscillatory motion in 

a porous medium, taking into account phase 

transitions caused by the dissolution of paraffin. The 

medium is presented in the form of three semi-

infinite regions, with flat interfaces perpendicular to 

the z-axis (z=±h, Figure  1). The first I and second II 

regions are impenetrable; the middle region of 

thickness 2h, located horizontally, is porous and 

saturated with paraffinic oil. We will consider the 

case of radial oscillatory motion of paraffinic oil in 

the middle region –h < z < h. When describing the 

temperature problem, we assume that the 

temperatures of oil, paraffin and the skeleton of a 

porous medium at each point are the same. We 

assume that only the radial coordinate of the rate of 

convective heat transfer is nonzero, i.e. ur= u(r, t) ≠ 0, 

uφ= 0, uz= 0. Whence it follows that the pressure field 

is a function of the radial coordinate r, time t and 

does not depend on z and φ. The paraffin waxes 

contained in oil are a mixture of various 

hydrocarbons with different melting points, and the 

solubility of solid paraffin waxes in the liquid phase 

is different. Therefore, during cooling, paraffin is 

released gradually and over a fairly wide 

temperature range [4]. Let us denote the thermal 

function of the phase transformation of paraffin by 

 dTf , which is non-zero in the temperature range 

from Tn to Tk:

 

            bebbeb TTTTexpTTTTTf ddd    2

 

where Tb, Te are the temperatures of the beginning and end of paraffin crystallization, respectively, the 

coefficients. * и  – are constants for a given composition 
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There are no temperature disturbances at the initial moment of time and at an infinite distance from the 

well 
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 (6) 
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Here T0d is the undisturbed temperature in the 

middle of the porous layer; G, G1, G2 – geothermal 

coefficients of the porous, overlying and underlying 

formations, respectively. Subscripts 1 and 2 refer to 

the parameters of the first and second environment, 

respectively. 

The solution is considered bounded at all points r 

> 0. To ensure the uniqueness of the solution of the 

problem, additional conditions are assumed, 

including the boundedness of the solution on the z-

axis, the zero product of the temperature derivative 

with respect to rd and the radial coordinate as it 

tends to zero, etc. The formulation of the relevant 

conditions is carried out in the future, as necessary. 

Since problem (1)–(7) describes the process of 

nonstationary fluid filtration, it is necessary to solve 

the corresponding hydrodynamic problem by 

describing the pressure field in order to determine 

the functions uef (T), ∂P/∂r, ∂P/∂t. This solution is 

given below. Problem (1)–(7) is non-linear, since the 

coefficients of temperature derivatives with respect 

to time and the radial coordinate in the central zone 

|z|<1 depend on temperature. Under the assumption 

of axial symmetry in dimensionless coordinates, the 

problem takes the following form:
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Dimensionless quantities are used in the paper: 

t = az1td/h2, 

Λ = λz1/λz, 

χ = c1ρ1/cρ, 

z = zd/h, 

cp = c, 

T1 = (T1d–T0–(G1–G)h+G1z)/T0, 

T2 = (T2d–T0–(G–G2)h+G2z)/T0, 

T = (Td–T0+Gz)/T0, 

r = rd/h, 

P = Pd/P0, 

ef = P0·efd/T0, 

ef = P0·efd/T0, 

uef = h·uefd/az1 

The function f
~

 is obtained with the 

corresponding replacement    GzTTTfTf
~

 00  , 

so it also depends on the variable z. In seams with a 

thickness of about 10 m, the temperature difference 

between the top and bottom of the seam does not 

exceed tenths of a degree, and therefore the explicit 

dependence of the function f
~

 on z can be neglected. 

In this formulation, the analytical solution of the 

problem presents considerable difficulties. To obtain 

approximate solutions, we use a modification of the 

asymptotic method [7]. The thermal conductivity λz1 

is conductive, and λz includes additional thermal 

conductivity due to the tortuosity of the pores 

through which the liquid flows (transcillatory 

transfer). Under real conditions, the convective–

conductive thermal conductivity, determined by the 

motion of phases of the medium relative to each 

other, is 10–1000 times higher than the molecular 

thermal conductivity. With this in mind, let us 

further consider the general problem with a formal 

asymptotic parameter ε, which is a factor of the value 

Λ = λz1/λz, which is done in the formulation of 

problem (8)–(14). 

For ε = 1, the formulation of the problem 

coincides with the original one. With this choice of 

the asymptotic expansion parameter, in the zeroth 

approximation, the problem describes the 

temperature values averaged over the reservoir 

thickness, and in the particular case for the zero 

coefficient, it reduces to the well-known 

"concentrated capacitance scheme" [8]. In the 

presence of the parameter ε, it is expedient to seek 

the solution of the problem in the form of asymptotic 

formulas in ε.
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Here, the subscripts of the temperature T refer to 

the number of the region, and the upper ones 

correspond to the ordinal number of the 

approximation. Substituting (15) into (8)–(14) and 

grouping terms of the same order in ε, we obtain:
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Boundary conditions in asymptotic series are represented as: 
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Setting ε = 0 in the equation (17), from the 

boundary conditions (21) and (22) for the zeroth 

approximation, we obtain that T(0) does not depend 

on z and is a function of only r and t, i.e., T(0) =T(0)(r,t). 

Equating to zero the expression in front of the factor 

of the first order in ε in equation (17), we find:
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Equation (24) contains the expansion coefficients 

of the zeroth and first orders T(0) and T(1). Using the 

transformations described below, we eliminate the 

first coefficient of the asymptotic expansion T(1) from 

Eq. (24). Since T(0) and Р do not depend on z, then 

A(r,t) according to (25) also does not depend on z. 

Integrating (24), we obtain the expression for the 

temperature in the reservoir in the first 

approximation
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To find the coefficients A(r, t) and B(r, t), we use 

the boundary conditions (21) and (22). Equating the 

expressions for ε to zero, we have
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From equations (27) we obtain expressions for 

the coefficients A(r, t) and B(r, t)
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Substituting expression (28) into (25), we obtain 

an equation containing the expansion coefficients of 

only zero order:

 

  
 

     
 

     

001

2

1

1

0
2

1

2

1

0
1

0

1

efef

0
0

2
0

ef

0
0

1
























































































t,r,z

z

T

z

T

r

T
r

rra

a

t

P

t

P

r

T
TFTu

t

T
TF

z
z

z

z
z

r







 (29) 

The implemented transformation (26)–(29) 

made it possible to obtain equation (29) from the 

original (24), which contains the expansion 

coefficients of only the zeroth order T(0) and traces of 

derivatives from the outer regions. The final 

statement of the problem for the zero 

approximation, taking into account the condition 

that the first terms in (16) and (18) are equal to zero 

and equation (29), also includes
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Due to the fact that the temperature in the 

reservoir in the zeroth approximation does not 

depend on z, the conditions for the equality of 

temperatures at the interfaces will take the form
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Initial and boundary conditions will not change 
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Equations (29)–(31) are interrelated, since 

equation (29), along with the desired temperature, 

contains a combination of traces of the derivatives of 

the desired solutions for the outer regions. The 

solution in the zero approximation describes the 

temperature of the reservoir, averaged over its 

thickness. The solution limit at ε → 0 coincides with 

the average value of the desired solution along the z 

coordinate in the reservoir interval. On the other 

hand, it is clear from physical considerations that the 

tendency of ε to zero corresponds to an increase in 

the vertical component of thermal conductivity 

(λz → ∞). So, formally, T(0) can be considered as the 

limit of the desired solution for an infinite vertical 

thermal conductivity component λz. 

This makes it possible to show that in the non-

linear case, too, the zero approximation corresponds 

to the temperature expression averaged over the 

reservoir thickness. Finding the average 

temperature is an independent problem important 

for practical applications. The first approximation 

T(1) makes it possible to take into account the 

dependence of temperature in the reservoir interval 

on z. It is shown that the solution of the problem for 

the first coefficient can be found under the additional 

condition that ensures that the values of the residual 

term of the asymptotic expansion averaged over the 

reservoir thickness vanish. Such an asymptotic 

approximation is called "averagely accurate".

3. Statement of the problem in the first approximation 

To formulate the problem in the first 

approximation, we use the condition of equality to 

zero of the coefficients at the terms of the first order 

ε in (16), (18) and the second order ε2 in equation 

(17) neglecting the radial thermal conductivity
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Equation (35) of the heat balance for the filtered 

liquid contains coefficients of the first and second 

orders. To “decouple” the coefficients, we use the 

linear operator in z:
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We write equation (35) in the form 
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Applying the operator L
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 to expression (26) and 

taking into account equality (42), we obtain
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The coefficients A(r, t) and B(r, t) are found from 

the zero approximation according to (28). Let's 

define the form of unknown function E(r, t). We 

integrate over z equation (43)
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To determine the terms L


E(r,t) and M(r,t), we use 

the boundary conditions (38) and equality (44)
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Solving the system of equations (46), (47), we obtain 
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The problem statement for the first 

approximation includes the equation obtained from 

(35), (43), (48) and (49), as well as equations and 

conditions (36) – (41): 
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The solution of the problem for the residual term 

requires an additional condition, which we will find 

by averaging equation (50) in the reservoir interval:
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To estimate the accuracy of the first approximation, 
it is necessary to solve the problem for the 
remainder term or evaluate its behavior. For 

brevity, we confine ourselves to estimating the 
solution of the averaged problem for the remainder 
term.
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The boundary conditions are represented as 
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Next, we average problem (53)–(59) for the 

remainder term using the following relation: 
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The final averaged problem for the remainder takes the form 
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The conjugation conditions have the form 
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The initial and boundary conditions are presented as 
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Problem (60)–(65) has only a trivial bounded 

solution, since the right side of equation (61) is equal 

to zero according to (51). Since the solution of the 

averaged problem for the remainder term is equal to 

zero, the first approximation represents the “average 

exact” asymptotic solution [10]. 

4. Filtration-wave pressure field 

Let us assume that the paraffin solid phase and 

the skeleton are incompressible. The pressure field 

in a porous medium is determined mainly by the 

compressibility of the carrier liquid phase. The 

temperature Т and the parameters related to it – the 

saturation of the mobile phase of paraffin smd, the 

stationary phase of paraffin ssd and the resulting 

paraffin saturation s – do not change significantly 

over the period of filtration-wave oscillations, i.e. are 

adiabatic parameters. Taking these assumptions into 

account, we write the continuity equation for the 

liquid phase in dimensional variables as 
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Taking into account Darcy's law for paraffinic oil 
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 v  the equation of fluid 

motion in a porous medium at low velocities takes 

the form
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Continuity equation for a porous medium using 

the linearized equation of state
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where 0P  – is the maximum pressure drop, we 

write it as 
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The pressure field in a porous medium is 

described by the telegraph equation 
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where the notation for the speed of sound in 

porous media and piezo-conductivity coefficient
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In a cylindrical coordinate system, under the 

assumption of axial and translational symmetries 

along the z-axis, in the absence of dependence of the 

coefficients on pressure, the telegraph equation 

takes the form for the pressure and velocity fields, 

respectively
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For a complex harmonic pressure field 

   tiexpzPP  , the equation for the complex 

oscillation amplitude can be written as
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The solution of equation (68) for the pressure 

field, which satisfies the conditions  tcosPP
rr

0
0




, 0
 cRr

P , can be represented as
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Corresponding asymptotic formulas for small 

values of the argument

 

  10 zJ ,   









zΕ
lnzN

22
0


 

allow us to bring expression (69) to the form
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The resulting expression coincides with the 

solution of the problem for determining the pressure 

field in the quasi-stationary approximation [3], 

which assumes that the pressure field satisfies the 

stationary equation, and time enters the problem 

parametrically. The calculation formulas for the 

velocity field were obtained under the assumption 

that the filtration velocity v at r = r0 changes 

according to the harmonic law
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Since the radius of the supply loop in (70) is usually 

several hundred meters, hydrodynamic disturbances 

and the associated temperature effects manifest 

themselves at considerable distances from the well, 

which cannot be overcome due to thermal conductivity 

in a foreseeable time. In fact, this means that with 

filtration-wave heating, a new method of delivering 

thermal energy to remote areas of the reservoir is 

implemented due to the elastic properties of the 

reservoir system, which allows increasing the size of the 

impact zone by several orders of magnitude in 

comparison with conventional thermal conductivity. 

5. Temperature field during vibrational motion of paraffinic oils in a porous medium 

For one oscillation, the temperature of the 

filtering liquid changes insignificantly, therefore, the 

dependence of the rate of convective heat transfer on 

temperature can be neglected, and the temperature 

field is described by the equation
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with the initial condition 00
TT

t



. For the 

oscillatory motion of a liquid, the rate of convective 

heat transfer according to the Darcy formula 

according to dependence (70) will be written as 
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Then, taking into account (72), (70), the 

dependence for determining the temperature of the 

filtering liquid, taking into account waxing (71), 

takes the form
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where  

 cRrrckPcD 0п0ж1 ln , 

 cR/rckPcD 0
2

п
2

0жef2 ln ,  

   cc R/rcR/rcmPrD 0п ж0ef3 ln)ln( . 

Equation (73) is non-linear and its solution is 

difficult. The easiest way to obtain an approximate 

solution of the problem is to use the Bunyakovskii–

Schwarz averaging theorem [8]. If the standard 

deviation of any of the multiplier functions from zero is 

uniformly limited, and the standard deviation of the 

second function from its average value is small, then 

<f(x)g(x)>= <f(x)><g(x)>. With this in mind, after 

averaging over the oscillation period, equation (73) 

looks like
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The solution of equation (74) describes the 

temperature changes of an incompressible fluid 

during oscillatory motion in a porous medium

 

     
 
  2

4

0
10

2
0

r

tD
d

T
FTFTF

T

T

  



  (75) 

where    cRrTckPcD 0
2

0п
2

0жef4 ln . 

 

Figure 2 Dependence of the barothermal effect on time for paraffinic oil at different values of the 
permeability of the porous medium (plane-radial case):  
1 – k1=9·10-11 m2, 2 – k2=12,5·10-11 m2, 3 – k3=17·10-11 m2,  
Tb = 300 K, Te = 373 K, s = 0.5, r0 = 0.1 m, μ = 11.7·10-3 Pа·s,  
ρ =840 kg/m3 , P0=106 Pа, cj/cp=1.43, R =100, m = 0.2, εef = 0.04 K/atm 
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Figure 2 shows the results of calculating the 

dependence of the average temperature on time 

during the oscillatory motion of an incompressible 

fluid for different values of permeability, taking into 

account the dissolution of paraffin under the 

assumption of constant viscosity   constT   

(dashed lines) and without taking it into account, 

solid lines. 

It follows from Figure 2 that the magnitude of the 

barothermal effect increases with time, and with an 

increase in permeability, the temperature effect 

decreases. In addition, the rate of temperature 

change decreases with time, which is a consequence 

of the absorption of heat during the dissolution of the 

wax solid phase. 

 

Figure 3 The dependence of the barothermal effect on time for paraffinic oil with viscosity 
dependent on temperature for different values of the permeability of the porous medium 
(plane-radial case): 
1,4 – k1=9·10-11 m2, 2,5 – k2=12,5·10-11 m2, 3,6 – k3=17·10-11 m2,  
Tb = 283 K, Te = 373 K, s = 0.5, r0 = 0.1 m, ρ =840 kg/m3,  
P0=106 Pа, cj/cp=1.43, R =100, m = 0.2, εef = 0.04 К/atm 

Figure 3 shows the results of calculating the 

dependence of the average temperature on time (75) 

during the oscillatory motion of an incompressible 

fluid for different permeability values, taking into 

account the dependence of viscosity on temperature 

according to the Arrhenius formula (dashed lines) 

and without taking into account – solid lines. Figure 

3 shows that the magnitude of the barothermal effect 

increases with time and with increasing 

permeability, the temperature effect decreases 

regardless of whether the viscosity is considered to 

be constant or temperature dependent. 

Comparison of Figures 2 and 3 shows that the 

nonlinear effect, which manifests itself with 

allowance for the dependence of viscosity on 

temperature, leads to an increase in the rate of 

temperature rise with time. The use of this effect in 

practice will significantly reduce the warm-up time 

until the desired temperatures are reached and will 

reduce the contribution of heat losses due to heat 

transfer to the environment. 
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6. Solution of the problem in the 0th and 1st approximations 

Let us consider the temperature field in the first 

approximation in a simplified way for the case of a 

low paraffin content   10
1 )(TF ,   10

2 )(TF . For 

simplicity, we neglect the radial thermal 

conductivity in the overburden and underburden. 

This is possible in case 
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where R and Z are the characteristic sizes of the 

zones of temperature disturbances in the radial 

direction and in the direction of the z-axis, respectively. 

Then problem (29)–(34) can be written as
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After averaging all the terms of problem (76) – 

(81) over the oscillation period (averaging sign is 

omitted) and applying the Laplace-Carson 

transformation [9], we obtain the solution of the 

problem in the zeroth approximation for each of the 

three regions in the form
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where, for the convenience of transformations, the notation 
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  21 12121 zz /A   ,   21 12122 zz /A   , 2112 zz a/aA   

Expressions (82) – (84) are the desired formulas 

for calculating the fields of the barothermal effect in 

the reservoir and surrounding rocks in the zeroth 

approximation. 

Solutions for higher approximations are 

constructed similarly. 

 

Figure 4. Dependence of the average formation temperature on the dimensionless time:  
1 – without taking into account heat transfer, 2, 3, 4 – taking into account heat exchange 
with surrounding rocks. 
s=0.8, r0 = 0.1 m, μ = 11.7·10-3 Pa·s, ρ =840 kg/m3,  
P0=106 Pа, cj/cp=0,76, R =100, h = 1, εef = 0.04 K/atm 

Figure 4 compares the dynamics of temperature 

increase without taking into account heat transfer 

(curve 1) and taking into account heat exchange with 

surrounding rocks (curves 2 – Λ1=0.8, 3 – Λ1=1, 4 – 

Λ1=1.2) depending on the dimensionless time. It can 

be seen from the figure that heat exchange with the 

surrounding rocks reduces the rate of increase in the 

average temperature over the reservoir. In a 

reservoir 1 m thick, the contribution of heat 

exchange with surrounding rocks does not exceed 

20% of the maximum effect. In real conditions, 

where the thickness of the layers is several meters, 

the contribution of heat transfer is much lower. 

The problem for the first coefficients of the 

asymptotic expansion under the same assumptions is 

written as
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Finally, the “on average exact” asymptotic 

solution corresponding to the vanishing of the values 

of the residual term of the asymptotic expansion 

averaged over the reservoir thickness for the two 

found approximations will be written in the form
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Figure 5 shows the calculations of the 

dimensionless temperature T from the vertical 

coordinate z. Curve 1 corresponds to the solution in 

the zeroth approximation, curve 2 corresponds to 

the first expansion coefficient, curve 3 corresponds 

to the first approximation. Calculations make it 
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possible to estimate the vertical dimensions of the 

zone in which temperature changes are observed 

due to the barothermal effect in the filtration-wave 

pressure fields 

 

Figure 5 Dependences of temperature changes Т on the dimensionless coordinate z:  
t =1, R=100 m, Λ = 1, Λ1=1, χ = 1, Λ2 = 0, r0 = 0.1 m, μ = 11.7·10–3 Pa·s, 
P0=106 Pа, h =1 м, cj/cp=0.76, R =100, εef = 0.04 К/atm, r = 0.2 m, s = 0.8 

For example, for a dimensionless time t =1, the 

size of the zone of influence of the barothermal effect 

along the z coordinate is approximately 2 m, with the 

passage of time the size of this zone increases. For 

the zero approximation (curve 1), the temperature is 

constant in the reservoir interval –1< z < 1 in 

accordance with the "concentrated reservoir 

scheme". The first expansion coefficient within the 

reservoir (curve 2) takes both negative and positive 

values. Due to the correction, the solution in the first 

approximation (curve 3) more realistically reflects 

the temperature distribution in the reservoir, which 

is expressed in its dependence on z. 

7. Conclusion 

So, the use of the developed modification of the 

asymptotic method made it possible to construct 

new solutions to conjugation problems that describe 

the temperature field in oil-bearing reservoirs and to 

obtain relatively simple formulas for studying 

nonlinear effects during wave action, when thermal 

energy is transferred in the reservoir due to the 

elastic properties of the medium. 

In general, the developed mathematical model of 

the process confirms the possibility of practical use 

of filtration-wave heating of formations to increase 

oil recovery and allows calculating temperature 

fields in real conditions.
 

Nomenclature 

A, B, D, D1, D2, D3, 

D4, E, F1(T), F2(T), 

M, N, f(x), g(x) – auxiliary functions; 

G, G1, G2 – are the geothermal gradients 

of the porous, overlying, and 
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underlying layers, 

respectively, K/m; 

c~  – is the speed of sound, m/s; 

L


 – operator; 

a – is the coefficient of thermal 

diffusivity, m2/s; 

A12 – is a constant; 

c, c1 – specific heat capacities of the 

porous and overburden, 

respectively, J/kg K; 

cf, cn – are the volumetric heat 

capacities of the liquid and the 

saturated porous medium, 

respectively, J/(m3 K); 

f(r,t) – is a function of heat sources; 

f(T) – is the thermal function of the 

paraffin phase transformation; 

h – reservoir half-thickness, m; 

i – is the imaginary unit; 

J0 , N0 – are Bessel functions of the first 

and second kind; 

k – medium permeability, m2; 

L  – is the specific heat of paraffin 

phase transition, J/kg; 

m – is porosity; 

p – is the parameter of the 

Laplace-Carson 

transformation; 

P – pressure, Pa; 

P0 – is the maximum pressure 

drop, Pa; 

R and Z – are the characteristic 

dimensions of the zone of 

temperature disturbances, m; 

r, φ, z – are cylindrical coordinates; 

r0 – well's radius, m; 

Rc – is the radius of the power 

circuit, m; 

Re – is the real part; 

s – paraffin saturation; 

smd, ssd – saturation of the mobile and 

stationary phase paraffin, 

respectively; 

T – temperature, temperature 

anomaly and temperature 

field, K; 

t – time, s; 

u – convective speed, m/s; 

y – is the filtration rate, m/s; 

α – compressibility factor, Pa-1; 

ε – is the formal parameter of the 

asymptotic expansion; 

εef – is the effective Joule–Thomson 

coefficient, K/Pa; 

η – is the adiabatic coefficient, 

K/Pa; 

Θ – is the remainder term of the 

asymptotic expansion; 

λ – is the coefficient of thermal 

conductivity, W/(m K); 

Λ, Λ1, Λ2, ν, γ, χ, κ – are constants; 

μ – is the dynamic viscosity of 

paraffinic oil, Pa·s; 

ρ, ρ1 – are the densities of the porous 

and overburden, kg/m3; 

χ1 – coefficient of 

piezoconductivity, m2/s; 

ω – circular frequency, s-1. 

 

Indices: 

b – begin; 

c – contour (contour); 

d – dimensional; 

e – end; 

ef – effective (effective); 

i – area number; 

md – mobile; 

p – porous; 

r, z – are directions. 

sd – stationary;
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